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ON ENUMERATION OF TREE-ROOTED PLANAR CUBIC
MAPS. II
YURY KOCHETKOV
Abstract. In work [4] tree-rooted planar cubic maps with marked directed
edge (not in this tree) were enumerated. The number of such objects with 2n
vertices is C2n · Cn+1, where Ck is Catalan number. In this work a marked
directed edge is not demanded, i.e. we enumerate tree-rooted planar cubic
maps. Formulas are more complex, of course, but not significantly.
1. Introduction
Plane triangulation is a planar map, where the perimeter of each face is three. The
corresponding dual graph is cubic, i.e. the degree of each vertex is three. A plane
triangulation will be called proper, if each edge is incident to exactly two faces.
Otherwise it will be called improper.
Example 1.1.
proper triangulation improper triangulation
q q
q
✡
✡
✡
✡✡
❏
❏
❏
❏❏
✬
✫
✩
✪
q q q
The corresponding dual graphs are presented below:✬
✫
✩
✪q
q ✛
✚
✘
✙
✛
✚
✘
✙q q
A connected graph with marked directed edge will be called edge-rooted. Proper
edge-rooted plane triangulations where enumerated by Tutte in the work [9]: the
number of such triangulations with 2n faces is
2 (4n− 3)!
n! (3n− 1)! .
A combinatorial proof of Tutte formula see in [7] (see also [1]).
All (proper and improper) plane edge-rooted triangulations were enumerated in [3]
in the following way. Let Fn be the number of plane edge-rooted cubic graphs
with 2n vertices, i.e. the number of plane edge-rooted triangulations (proper and
improper) with 2n faces. Let us define numbers fn, n > −1, in the following way:
• f−1 = 1/2;
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• f0 = 2;
• fn = (3n+ 2)Fn, n > 0.
Then
fn =
4(3n+ 2)
n+ 1
∑
i > −1, j > −1
i+ j = n− 2
f(i)f(j). (1)
Thus f1 = 20, f2 = 256 and F1 = 4, F2 = 32. However, we don’t know any
geometric or combinatorial proof of this formula.
Example 1.2. It is easy to check the validity of this formula in cases n = 1 and
n = 2. There are two cubic maps with two vertices:✬
✫
✩
✪q
q ✛
✚
✘
✙
✛
✚
✘
✙q q
Orders of their groups of automorphisms are 6 and 2, respectively.
There are six cubic maps with four vertices:✬
✫
✩
✪
✛
✚
✘
✙1)
✬
✫
✩
✪2) ✔✔✔
✔
✔
✑
✑
✑◗
◗
◗
❚
❚
❚
❚
❚
3)
✐
✐❩❩✚✚ ✐4)
✓✒✏✑✓✒✏✑✓✒✏✑5) ✓✒✏✑
✬
✫
✩
✪
✓✒✏✑6)
Orders of their groups of automorphisms are 1, 4, 12, 3, 2 and 2, respectively.
The list of all 26 cubic maps with six vertices see in Appendix.
Let G be a planar cubic map and T — a spanning tree. In [4] it was explained,
how, using this data, to construct: a) a polygon; b) its partition into triangles by
non-intersecting diagonals; c) a pairwise gluing of its edges that produces a curve
of genus 0 and its triangulation.
Example 1.3. Given a cubic map with a spanning tree (thick lines and curve) we
draw triangles around vertices:✛
✚
✘
✙✚✙
✛
✚
✘
✙⇒
✛
✚
✘
✙✚✙
✛
✚
✘
✙✟✟❍❍ ❍❍✟✟ ✟✟❍❍ ❍❍✟✟
After that we a) identify those edges of adjacent triangles that intersect the same
edge of the spanning tree — thus we obtain a polygon; b) label identically those
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sides of polygon that are intersected by the same edge of the map; c) delete the
map:
❍❍❍❍
✟✟
✟✟
✟✟
✟✟
✟✟
✟✟
❍❍❍❍
❍❍❍❍
✛
✚
✘
✙
✬
✫
✩
✪
✫✪
✩ ⇒   ❅
❅
❙
❙
❙
❙
❛❛❛❛❛
 
 
❅
❅
a
a
b
c
b
c
If we have a polygon: a) triangulated by non-intersecting diagonals; b) its sides are
pairwise identified in such way, that this identification produces a genus 0 curve,
then, using these data, we can construct a planar tree-based cubic map:
✡
✡
✡
❏
❏
❏✟✟
✟✟
✟✟
❍❍❍❍❍❍
✡
✡
✡
❏
❏
❏
a
a
b
b
c
c
⇒ ✡
✡
✡
❏
❏
❏✟✟
✟✟
✟✟
❍❍❍❍❍❍
✡
✡
✡
❏
❏
❏
✓✒✏✑
✩
✪⇒
✓✒✏✑
✩
✪
In what follows by n-polygon we understand a polygon: a) with 2n sides; b) trian-
gulated by non-intersecting diagonals; b) with pairwise identified sides in such way,
that this identification produces a genus 0 curve. We see that the enumeration of
tree-rooted planar cubic maps is equivalent to the enumeration of such objects. In
work [4] we additionally mark a side of a polygon ( = we mark a directed edge in a
cubic map that does not belong to the spanning tree). The number of n-polygons
with a marked side is Cn · C2n−2, where Ck is the Catalan number.
In this work we drop a marked side, i.e. we enumerate n-polygons (Theorem 4.1).
2. Triangulations and symmetries
Proposition 1. Let T be a Zk-symmetric triangulation of a regular polygon P
with n = km sides, i.e. T is invariant with respect to rotations on angles 2pi i/k,
i = 1, . . . , k − 1. Then k = 2 or k = 3.
Proof. Let R be the rotation on angle 2pi/k. As numbers of triangles in the trian-
gulation T is n − 2, then there exists a triangle △ in T whose obtuse angle is an
angle of P . As triangulation T is Zk-symmetric then there k copies of triangle △
in T and their configuration is symmetric with respect to rotation R.
If we delete these triangles from polygon P , then we will obtain new polygon P1
with k(m− 1) sides with triangulation T1, which is also Zk-symmetric.
If we continue the process, then after m− 1 steps we will obtain a polygon with k
sides and with Zk-symmetric triangulation. But it is possible only when k = 2 or
k = 3. 
4 YURY KOCHETKOV
Corollary 1. Let P be a regular polygon with 2n sides, one of them — marked.
Then the number of its Z2-symmetric triangulations is n · Cn−1.
Proof. Indeed, there are n ways to choose a big diagonal and Cn−1 ways to trian-
gulate a half of the polygon. 
Corollary 2. Let P be a regular polygon with 3n sides, one of them — marked.
Then the number of its Z3-symmetric triangulations is n · Cn−1.
Proof. Indeed, there are n ways to choose a Z3-symmetric triangle in P . The
complement of this triangle consists of three symmetrically positioned polygons
with n+ 1 sides each. There is Cn−1 ways to triangulate one of them. 
3. Glueings and symmetries
Proposition 2. Let P be a regular polygon with 2n sides, one of them — marked
and let dn the number of such Z2-symmetric pairwise glueings of its sides, that
produce a genus zero curve. Then
dn =
{(
2k
k
)
, if n = 2k,
1
2
(
2k
k
)
, if n = 2k − 1.
.
Proof. Let us consider a Z2-symmetric zero genus glueing of P . Let AB be the
marked side, CD — the opposite side, KL — the glueing partner of AB and
MN — the glueing partner of CD (sides KL and MN are opposite). In the
counterclockwise going around of P one can meet the side KL before CD or after
it. We will consider the first case and then multiply by two. The number of sides
between AB and KL is even = 2k. We can choose any zero genus pairwise glueing
of sides between AB and KL (there are Ck of them), made the symmetric glueing
of sides between CD and MN and choose a Z2-symmetric glueing of remaining
sides (there are dn−k−2 of them). Thus,
dn = 2dn−2 + 2dn−4C1 + 2dn−6C2 + . . .+ 2d2C(n−4)/2 + 2C(n−2)/2,
if n is even, and
dn = 2dn−2 + 2dn−4C1 + . . .+ 2d1C(n−3)/2 + C(n−1)/2,
if n is odd.
It means that(
1
2t
+ 1+ d1t+ d2t
2 + . . .
)
× (2t2 + C1t4 + 2C2t6 + . . .) = d1t+ d2t2 + d3t3 + . . .
Let
D(t) =
1
2t
+ 1 + d1t+ d2t
2 + . . .
and let C(t) be the generating function for Catalan numbers, then
2t2C(t2)D(t) = D(t)− 1− 1/2t, or D(t)(1 − 2t2C(t2)) = 1 + 1/2t.
As C(t) = (1−√1− 4t )/2t, then
D(t) =
(
1 +
1
2t
)
(1 − 4t2)−1/2 =
(
1 +
1
2t
)
∞∑
i=0
(
2i
i
)
t2i. 
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Proposition 3. Let P be a regular polygon with 6n sides, one of them — marked
and let en the number of such Z3-symmetric pairwise glueings of its sides, that
produce a genus zero curve. Then en =
(
2n
n
)
.
Proof. The same reasoning gives the relation
2(en−1 + en−1C1 + . . .+ e1Cn−2 + Cn−1) = en,
i.e. 2tC(t)E(t) = E(t)− 1, where E(t) = 1 + e1t+ e2t2 + . . .. Thus,
E(t) =
1
1− 2tE(t) = (1− 4t)
−1/2 =
∞∑
i=0
(
2i
i
)
ti.

4. Enumeration formulas
It remains to apply Burnside formula.
Theorem 4.1. Let tn be the number of tree-rooted planar cubic maps with 2n
vertices. Then
(2n+2)tn =


Cn+1C2n +
1
2 (n+ 1)Cn ·
(
2k
k
)
, if n+ 1 = 2k − 1 and n+ 1 6= 3l,
Cn+1C2n + (n+ 1)Cn ·
(
2k
k
)
, if n+ 1 = 2k and n+ 1 6= 3l,
Cn+1C2n + 4(2k − 1)C4k−3 ·
(
4k−2
2k−1
)
+ 12 (n+ 1)Cn ·
(
6k−2
3k−1
)
,
if n+ 1 = 3(2k − 1),
Cn+1C2n + 8k C4k−1 ·
(
4k
2k
)
+ (n+ 1)Cn ·
(
6k
3k
)
, if n+ 1 = 6k.
Example 4.1. If 2n = 4 then there are 16 tree-rooted planar cubic maps. Here
are they: ✓✒✏✑ ✓✒✏✑ ✓✒✏✑ ✓✒✏✑
✓✒✏✑
✔
✔
✔
✔
✔
❚
❚
❚
❚
❚
✔
✔
✔
✔
✔
◗
◗
◗
❚
❚
❚
❚
❚
✑
✑
✑
✓✒✏✑ ✓✒✏✑
✓✒✏✑ ✓✒✏✑
✛✘✓✒✏✑ ✓✒✏✑
✬✩✓✒✏✑
✓✒✏✑✫✪
✓✒✏✑
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5. Appendix. Planar cubic maps with six vertices
We give the list of pairwise non isomorphic planar cubic maps with 6 vertices —
there are 26 of them. The group of automorphisms of a map (if this group is non
trivial) is also presented.
1)
✬
✫
✩
✪
✓
✒
✏
✑✞✝☎✆ ☛✡✟✠Z2 2) ☛✡✟✠☛✡✟✠☛✡✟✠☛✡✟✠Z2 3) ☛✡✟✠☛✡✟✠
✛
✚
✘
✙
☛✡✟✠
4)
✞✝☎✆ ✞✝☎✆
✞✝☎✆ ✞✝☎✆ 5) ✞✝☎✆ ✛✚
✘
✙
✞✝☎✆ ✞✝☎✆ 6) ☛✡✟✠☛✡✟✠☛✡✟✠7) ✓✒ ✏✑Z2
8)
☛✡✟✠
✛
✚
✘
✙✞✝☎✆ 9)
☛✡✟✠ ✞✝☎✆
✞✝☎✆
10)
☛✡✟✠☛✡✟✠☛✡✟✠Z2 11) ☛✡✟✠☛✡✟✠Z2
12)
✞✝☎✆ ✞✝☎✆
✞✝☎✆✞✝☎✆
Z2 13)
✞✝☎✆✞✝☎✆✞✝☎✆
✞✝☎✆
Z3 14)
✛
✚✞✝☎✆
✏
✑✞✝☎✆ 15) ✒✑
✓✏✞✝☎✆
16)
✛
✚✞✝☎✆
✏
✑✞✝☎✆ Z2 17)
✛
✚
✘
✙✞✝☎✆ ✞✝☎✆ 18) ✞✝☎✆
✛
✚
✘
✙✞✝☎✆ ✞✝☎✆ 19)
✓✒✏✑✞✝☎✆
20) ✒✑
✞✝☎✆ ✞✝☎✆
✓✏
21) ✒✑
✞✝☎✆✞✝☎✆
✓✏
Z2 22) ✒✑
✞✝☎✆✞✝☎✆
✓✏
Z2 23) ✒✑
✞✝☎✆
✓✏
24)
✛
✚
✘
✙✞✝☎✆ S3 25)
✓✒ ✏✑Z2 26) ✓✒ ✏✑
✓✏
S3
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